We describe extension of the pyritohedral symmetry to 4-dimensional Euclidean space and present the group elements in terms of quaternions. It turns out that it is a maximal subgroup of both the rank-4 Coxeter groups 44 ( ) and ( ) W F W H implying that it is a group relevant to the crystallography as well as quasicrystallographic structures in 4-dimensions. First we review the pyritohedral symmetry in 3 dimensional Euclidean space which is a maximal subgroup both in the Coxeter-Weyl groups . The related polyhedra in 3-dimensions are the two dual polyhedra pseudoicosahedronpyritohedron and the pseudo icosidodecahedron. In quaternionic representations it finds a natural extension to the 4-dimensions.The related polytopes turn out to be the pseudo snub 24-cell and its dual polytope expressed in terms of a parameter x leading to snub 24-cell and its dual in the limit where the parameter x takes the golden ratio. It turns out that the relevant lattice is the root lattice of 4 () WD
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Introduction
Lattices in higher dimensions described by the affine Coxeter groups, when projected into lower dimensions, may represent the quasicrystal structures (Katz and Duneau, 1986; Elser, 1985; Baake et al., 1990a; Baake et al., 1990b , Koca et al. 2014a , Koca et al. 2015a . Projection of the 4-dimensional self-dual lattice 4 F in a 2 dimensional subspace can describe a 12-fold symmetric aperiodic tiling of the plane (Koca et al. 2014b) . It was already known that the 4 A lattice projects into the aperiodic lattice with 5-fold symmetry (Baake et al., 1990a) . There is no doubt that the projections of the higher dimensional lattices may have some physical implications. Let us remember that the quasicrystallographic Coxeter group 4 () WH can be obtained as the subgroup of the Coxeter-Weyl group of 8 () WE (Koca et. al., 2001 ) describing the densest sphere packing lattice in 8-dimensions (Conway and Sloane, 1988) . 8 E as a Lie group may represent the unified symmetry of the fundamental interaction besides gravity (Bars and Gunaydin, 1980; Koca, 1981) or it may represent all fundamental interactions in the context of heterotic superstring theory. The exceptional () WF describes the symmetry of the unique self-dual polytope, the 24-cell, which is the Voronoi cell (WignerSeitz cell) of the 4 F lattice. The noncrystallographic Coxeter group 4 () WH is the symmetry of the famous 600-cell and its dual 120-cell (Coxeter, 1973; Koca et al. 2007a ). In what follows we will construct the 4D pyritohedral group from the 4 D diagram; in technical terms it is the group ( Koca et al. 2012 ) of order 576 which can be expressed in terms of quaternions and we will determine its orbits as the pseudo snub 24-cell and its dual polytope.
Although it was so fascinating, the quaternionic representations of the symmetries of the 4D and 3D Euclidean spaces have not been studied for a long time. The finite subgroups of quaternions lead to the classifications of the finite subgroups of (4) O in terms of pairs of quaternionic finite subgroups (du Val, 1964; Conway & Smith, 2003) . It turned out that all rank-4 Coxeter-Weyl groups can be represented in compact forms generated by quaternion pairs . This paper is organized as follows. In Section 2 we review the quaternionic representations of the (4) and (3) OO symmetries and point out some important finite subgroups. The quaternionic representations of the Coxeter groups 4 () WF and 4 () WH are briefly reviewed. Section 3 deals with the quaternionic description of the symmetries generated by Coxeter-Dynkin diagrams 33 and DB in which the simple roots (lattice generating vectors) expressed in terms of imaginary quaternionic units. The quaternionic representation of the pyritohedral group obtained from the 3 D diagram and its orbits describing the vertices of the pseudoicosahedron are studied in an earlier paper (Koca et al., 2015b) . In Section 4 we construct the group
and apply it to a vector expressed in terms of a free parameter to generate the vertices of a pseudo snub 24-cell. The cell structure (facets) of the pseudo snub 24-cell has been worked out and the vertices of the dual polytope is constructed. We construct also the pseudo snub 24-cell based on a different quaternionic representation of the 4 D diagram leading to another construction of the group
in terms of quaternions. The Fibonacci chain of the pseudo snub 24-cells leading to the snub 24-cell is introduced. Finally in Section 5 we present a brief discussion on the physical implications of our technique when the lattice structure is projected into either 3-dimensions or 2-dimensions.
Quaternions and orthogonal transformations in 3 and 4 dimensions
A quaternion is a hypercomplex number with three imaginary units ,, i j k satisfying the Hamilton, 1843 
With this scalar product quaternions generate the four-dimensional euclidean space. 
One can also drop t, then, the pairs of quaternions define a set closed under multiplication (Koca et al, 2001 [ , ] pp  where the group element [ , ] pprepresents the rotations around the vector ) , , (
and [ , ] pp  is a rotary inversion (Coxeter, 1973) .
In the references Smith, 2003 and du Val, 1964 ) the classifications of the finite subgroups of quaternions and the related finite subgroups of the group of orthogonal transformations (3) O are listed. The relevant finite subgroups of quaternions in our work are the binary tetrahedral group and the binary octahedral group. The binary tetrahedral group T is given by the set of quaternions 
with 24 elements. As we will point out later that the same set represents the vertices of the 24-cell, a self-dual polytope in 4D [Coxeter, 1973] . The 24-cell represented by another set of 24 quaternions are given by 1 2 3 2 3 1 3 1 2 
which does not form a group by itself. Since these two sets satisfy the relations and
 forms another finite subgroup of quaternions called the binary octahedral group. In an earlier publication (Koca et.al., 2001) we have proved that the Coxeter -Weyl group 4 () WFof order 1152 can be represented as
The automorphism group of 4 F is given by the set
5
Let us clarify our notation: we mean for example by [ , ] OO an arbitrary pair of unit quaternions [ , ] pq where , p q O  .The set of 120 quaternions I T S  (for an explicit form of S see Koca et al. 2007a) (Coxeter and Moser, 1965; Bourbaki, 1968; Humphreys, 1990) .
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The reflection of an arbitrary vector  with respect to the hyperplane represented by the simple root i  is given by
The Cartan matrix C (Gram matrix in the lattice terminology) with the matrix elements 2( , ) 
An arbitrary quaternion
 when reflected by the operator r  with respect to the hyperplane orthogonal to the quaternion  the formula (11) can be written in terms of quaternions as
The Cartan matrix of the Coxeter-Dynkin diagram 3 D and its inverse matrix are given respectively by the matrices 
The generators of the Coxeter group 3 () WD are then given in the notation of (12) 
or more compactly by the notation
.This hybrid group is also called the tetra-octahedral group (Conway and Smith, 2003) . (100) { , , },
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The orbits respectively represent the vertices of an octahedron, a tetrahedron and another tetrahedron dual to the first tetrahedron. The last orbit 3 (011) D represents the root system of the 33 DA  Lie algebra and also constitutes the vertices of a cuboctahedron [Koca et al, 2007b] . The union of the orbits 33 (010) and (001) DD represents the vertices of a cube. 
Note that from now on we are using the symbols of the sets representing their elements. It is obvious that the maximal subgroups of the octahedral group 
Tetrahedral group :
Pyritohedral group :
Next, we would like to discuss the affine extension of the group 3 () WD .
Let us introduce the following definitions. For each root  and each integer k, we define an affine hyperplane (Humphreys, 1990) , : D , representing the centers of the edges of a cube represent the nonconventional unit cell of the fcc lattice (Ashcroft & Mermin, 1976) . Moreover its dual polyhedron is the union of the orbits 
The factor 4 in the denominator is the Coxeter number of the group 3 () WD . The truncated octahedron constructed from the vertices (23) is depicted in Fig. 4 . B is illustrated in Fig. 5  . This relation is sufficient to prove that the chiral octahedral group can be generated by the generators and ab . A general vector of the root lattice then will be given by 
Construction of the pseudoicosahedron and its dual polyhedron from 3 D with the pyritohedral symmetry
Two dual platonic solids, the icosahedron and the dodecahedron possess the 5-fold symmetry in addition to 3-fold and 2-fold symmetries. The full symmetry of these polyhedra is the icosahedral symmetry of order 120 which can be derived from the noncrystallographic Coxeter diagram 3 H . Its quaternionic description follows the same procedure studied in the previous sections. Here one introduces the binary icosahedral subgroup of quaternions by I T S  with 1 2 3 1 2 3 11 , , (Koca et al, 2007b) where T is given in (5) and the set S represents 96 remaining quaternions of the set I. The Coxeter group can be expressed as 
W H I I I I 
Since the icosahedral symmetry involves 5-fold symmetry it is not compatible with the crystallography which involves 2, 3, 4 and 6-fold symmetries only. However, there have been many discoveries in the quasicrystallography displaying the icosahedral symmetry 13 (Shechtman et al., 1984) . Here we will not pursue a discussion on the quasicrystal structures but rather on the 3D crystals with the pyritohedral symmetry which can be derived from the Coxeter-Dynkin diagram 3 D . Here the pseudoicosahedron plays an essential role in understanding the crystallographic structures with the pyritohedral symmetry. We first note the fact that the pyritohedral symmetry {[ , ] [ , ]} h T T T T T  consists of only 3-fold and 2-fold symmetries and it is a maximal subgroup of both the octahedral group 3 () WB and the icosahedral group 3 () WH . x y z axes and the unit element. Pyrite crystals often occur in the shape of cubes with striated faces, octahedra and pyritohedra (a solid similar to dodecahedron but with non regular pentagonal faces), the shape of which will be discussed in this section. . The action of the pyritohedral group on the vector given in (31) apart from the scale factor 1 a will generate the set of 12 vectors:
Derivation of the vertices of the pseudoicosahedron from
(1 ) , (1 ) , (1 ) 
The icosahedron represented by (33a) is depicted in Fig. 8 . Figure 8 . The icosahedron.
The vertices of the dual of the icosahedron, say, the set of vectors of (33a) can be determined as (Koca et al, 2011) 
Derivation of the vertices of the pyritohedron from the pseudoicosahedron
We can compute the dual of the pseudoicosahedron of (30) for an arbitrary value of x . (Since the dual of the icosahedron is the dodecahedron the dual of the pseudoicosahedron could be called pseudododecahedron instead of pyritohedron!). This can be achieved by determining the vectors normal to the faces of the pseudoicosahedron of (30). From Fig. 8 the center of the triangle with the vertices rr  . Similarly the center of the other equilateral triangle can be taken as 2  . As we have pointed out before, the vertices generated by the pyritohedral group from either 2  or 3  would lead to the vertices of a cube given in (35b).
The vectors normal to the isosceles triangles can be computed as: (1 ) , Applying the pyritohedral group on these vertices one obtains the set of vectors in two orbits, one set with 12 vectors and the other with 8 vectors: . Dropping an overall factor 2 1 then (37) will read 2 2 2 1 2 2 3 3 1
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For a general x the union of two pseudoicosahedra 1 2 2 3 3 1
(1 ) , (1 ) , (1 ) x e xe x e xe x e xe 
can be embedded in a simple cubic lattice. Of course its mirror image obtained by the interchange 12 ee  in (40) also represents a pseudoicosahedron embedded in the simple cubic lattice. 
Fibonacci sequence of pseudoicosahedra
The ratio of Fibonacci sequence numbers converges to the golden ratio :
Let us consider the interval 12 x  and define the sequence that the parameter x takes the rational numbers 
The sequence of (43) It is also interesting to note that the centers of the edges of the pseudoicosahedron of (32) represent 30 vertices of a pseudo icosidodecahedron given in the form of two orbits under the pytitohedral group by: (1 ){ , , }. a x e e e     (44)
In the limit x   the vertices in (44) represent a regular icosidodecahedron with two regular pentagons and two equilateral triangles meeting at every vertex as shown in Fig.  10(a) . Otherwise the regular pentagons are replaced by irregular pentagons (Fig. 10(b) ). (Coxeter,1973; Koca et al. 2007a) . Let us define the subsets of the quaternions , , , , ,
These subsets are useful to denote the Coxeter Weyl group 4 () WD in a compact form. The Coxeter-Dynkin diagram 4 D is depicted in Fig. 11 with the simple roots, 
Note that the subset of the Coxeter-Weyl group is invariant under conjugation of the group 3 S . We first note that the extension of the group of (51) by the cyclic group of order 3 generated by the generator [ , ] pq is a group of order 288 which can be denoted by
The extension by the full permutation group 3 S [ see Armstrong,1988 for a discussion of the permutation groups] is given as the semi-direct product of two groups as:
Since the groups generated by the generators in ( (1) ,
(1 ) ,
.
Now their symmetries are more transparent under the permutation group since 3 S permutes 
Construction of the vertices of the dual polytope of the pseudo snub-24 cell
The centers of the first three pseudo icosahedra can be taken as the weight vectors 1 3 4
, and
These eight vectors now determine the vertices of one facet of the dual polytope of the pseudo snub 24-cell. The center of this facet is the vector  . This is a convex solid with 8 vertices 15(3+6+3+3) edges and 9(3+3+3) faces possessing 3 S symmetry.
One can generate the vertices of the dual polytope by applying the group 
(1 ) , (1 ) (2 ) , 1 (1 )
Fibonacci sequence of the pseudo snub-24 cells
A discussion similar to that of Section 3.6 can be persuaded here. x we obtain a pseudo snub 24-cell in the lattice 4 D . The coefficients of the unit quaternions in the set of vertices (59) H .
Discussion
We have studied the extension of the pyritohedral group D . An infinite set of () Sx for 12 x  constitutes a Fibonacci sequence of pseudo snub 24-cells leading to the snub 24-cell in the limit . E into 4D.
